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Abstract. A simple approach based on a statistical mechanical model is used to discuss 
the nature of atomic ordering in Cd-based (Cd-Bi, Cd-Mg and Cd-Ga) liquid alloys in the 
framework of the chemical short-range order parameter, concentration fluctuation in the 
long-wavelength limit and the excess free energy of mixing. It has been observed that 
the nature of atomic order in binary liquid alloys could be understood with the help of 
their melting curves. 

Recently Singh and Mishra (1988) have studied the thermodynamics of the alloying of 
binary liquid alloys based on a simple statistical mechanical model. The grand partition 
function has been used to obtain analytic expressions for the conditional probabilities 
enumerating the occupation of two neighbouring sites by the atoms of the constituent 
elements in terms of the ordering energy. Various other thermodynamic relations such 
as the chemical short-range order parameter, concentration fluctuations in the long- 
wavelength limit, free energy of mixing and activity follow readily. Such an approach 
has an added advantage (Young 1987) over the first-principles pseudopotential method 
(Umaretal1974, Hafner 1977, Ashcroft and Stroud 1978, Singh 1980, Pandey etal1988) 
owing to the restricted use of the latter. 

We intend to discuss the nature of atomic ordering in Cd-based liquid alloys (Cd- 
Bi, Cd-Ga and Cd-Mg) in the light of the phase diagram. Our choice for these liquid 
alloys has been influenced by the following facts. 

(i) Each of these alloys has a characteristic melting curve. The liquidus line of 
Cd-Bi is a simple eutectic; Cd-Ga is a monotectic and the liquidus line of Cd-Mg rises 
monotonically from Cd to Mg. The liquidus lines of these alloys are schematically 
represented in figure 1. 

(ii) Cd is highly reactive and therefore it is difficult to perform diffraction experi- 
ments. A theoretical investigation giving structural information on such systems is highly 
desirable. 

If we consider that a binary alloy consists of N A  ( = N C A )  atoms of the element A and 
NB ( =NCB) atoms of the element B so that there are N ( = N A  + NB) atoms in total, then 
the grand partition function for the alloy can be written as 

where qi( T )  are the partition functions of atoms i (=A or B) associated with inner and 
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Figure 1. Schematic representation of liquidus 

Cd 0.5 Ga,Bi,Mg lines for Cd-Bi, Cd-Mg and Cd-Ga alloys (from 
' c  Hultgren eta1 (1973)). 

vibrational degrees of freedom. It has been assumed that qi remain the same whether 
the atom i is located in the pure state or in the alloy. pA and pB are the chemical potentials 
and Eis  the configurational energy. By considering (Singh 1987, Singh and Mishra 1988) 
the atomic clusters of different sizes, equation (1) can be utilized to obtain expressions 
for the conditional probability PA/B, which denotes the probability of finding atom A as 
a nearest neighbour of a given atom B, i.e. 

P A / B  = [ I  + (CB/CA)U-' exp(w/~kBT)]-' (2) 

PB/A = + (cA/cB)u exp(w/zkBT)l-' (3) 

U = ( p  + 2 c  - 1) exp(-w/zk,T)/2C (4) 
/3 = (1 + 4CACB[exp(2w/zkBT) -1]}"2. ( 5 )  

and also 

with 

w is usually called the ordering energy of the alloy and it is very important to understand 
the alloying behaviour of binary alloys. w = 0 refers to ideal alloys, w > 0 suggests like 
atoms pairing as nearest neighbours whereas w < 0 occurs when there is a tendency to 
form unlike-atom pairs. 2 is the coordination number. In the present work we have 
determined w at a given concentration from the observed activity and treated it as 
concentration independent. 

The conditional probabilities are also related to the Warren-Cowley (Warren 1969, 
Cowley 1950) chemical short-range order parameter al for the first coordination shell, 
i.e. 

PA/B = C A ( ~  - ai) 

& I / [  (1 - al)2CACB] = exp(2o/zkBT) -1. 

PB/A = C B ( ~  - ai). (6) 

(7) 

Equations (2)-(6) allow us to express a1 in terms of the ordering energy U ,  i.e. 

It is interesting to observe that an expression for short-range order of the type (7) 
can also be obtained (Khvaya et a1 1977) by following an entirely different approach 
from the pseudopotential method in second-order perturbation theory. The expressions 
used by Cowley (1950) and Clapp and Moss (1966, 1968a, b) for short-range order for 
the first shell also reduce to equations of the form (7). 

Furtherweobservefromequation (7) that,for w = 0, a1 = 0, whichimpliesarandom 
distribution of atoms in the alloy. If w > 0, ai is positive, i.e. there is segregation, and, 
if U < 0, a1 is negative, which shows ordering in the alloy. 
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Table 1. Coordination number z and the ordering energy w in binary liquid alloys. 

Cd-Bi 773 10 -0.0148 
Cd-Mg 923 10 -0.1864 
Cd-Ga 700 10 +O.  1132 

On the other hand, equation (4) can be used to obtain an analytic expression for the 
excess free energy GE of mixing (which equals GM - NkBT ZiCi In Ci) using the integral 
(Bhatia and Singh 1982) 

where 

Therefore, the concentration fluctuation (Bhatia and Thornton 1970) in the long-wave- 
length limit becomes 

s CC (O) = R T( a GM/a c2 ) ?,'P, N 

= CACB[I + (~/2/3)(1 - ,8)]-'. (10) 
Scc(0) can also be identified in terms of the excess stability function Ex' (Darken 1967), 
i.e. 

= RT[I/Scc(O) - 1/CACB]. (11) 
By eliminating the ordering energy of equation (7) with the help of equation (lo),  

one arrives at a relation between a1 and Scc(0), i.e. 

ay1 = ( S  - l)/[S(z - 1) + 11 S = SCC(o)/cAcB* (12) 
For ideal alloys (w = 0), one readily obtains al = 0, GG = 0, Scc(0) = CACB and 

Exs = 0. 
The application of these relations to binary liquid alloys depends upon knowledge 

of the coordination number z and the ordering energy w.  In the liquid and amorphous 
states, the atoms are randomly distributed in a nearly close-packed structure and the 
coordination number of the nearest neighbour atoms is about 10. So far as w is concerned, 
it can be determined from first principles by using the pairwise interaction of the 
pseudopotential method (Hayes et a1 1968) but very little work has been done in this 
direction. On the other hand, LO can also be determined very easily from the observed 
activity data or from the free energy of mixing (Bhatia and Singh 1982). For example, 
the excess free energy of mixing (equation (8)) for the equiatomic composition (CA = 
CB = 4) becomes 

GE/NkBT= 1n2'12 [I + exp(-w/zkBT)]-'12. (13) 
The observed values of GG at equiatomic composition can be used in equation (13) to 
obtain the ordering energy. 

The values of the ordering energy w and the coordination number z used in the 
present investigation are listed in table 1. The computed values of al for Cd-Bi, Cd-Mg 
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Table 2. Chemical short-range order parameter a, for Cd-Bi, Cd-Mg and Cd-Ga liquid 
alloys. 

~ 

C C d  Cd-Bi (773 K) Cd-Mg (923 K) Cd-Ga (700 K) 

0.1 
0.2 
0.3 
0.4 
0.5 
0.6 
0.7 
0.8 
0.9 

- 0.0029 
-0.0069 
-0.0112 
-0.0146 
-0.0150 
-0.0120 
-0.0046 
-0.0003 
- 0.0008 

- 0.0424 
- 0.0664 
- 0.0936 
-0.1130 
-0.1135 
-0.1135 
- 0.0950 
-0.0679 
-0.0353 

0.032 
0.062 
0.081 
0.091 
0.095 
0.091 
0.080 
0.074 
0.038 

and Cd-Ga are given in table 2. This indicates that the chemical short-range order 
parameters are negative for Cd-Bi and Cd-Mg but are positive for Cd-Ga. The negative 
values for Cd-Bi and Cd-Mg suggest heterocoordination (preference for unlike atoms 
pairing as nearest neighbours) in the molten state. Since the magnitude of ayl for 
Cd-Mg is greater than for Cd-Bi, the heterocoordination in the earlier system is intense 
in comparison with the latter. Cd-Bi liquid alloy whose liquidus line is a simple and 
shallow eutectic is very close to the behaviour of an ideal alloy. Cd-Ga liquid alloy which 
is a monotectic system (see figure 1) behaves differently from Cd-Bi and Cd-Mg. The 
short-range order parameters for Cd-Ga are positive which indicates self-coordination 
or segregation (preference for like atoms pairing as nearest neighbours) in the liquid 
phase. 

The computed values of al could not be compared because of lack of experimental 
measurements. The only experimental result (Boos and Steeb 1977) for Cd-based liquid 
alloys is for Mg,,Cdz5. The experimental value of al is equal to -0.13 which corresponds 
to z = 7 and T = 823 K. For comparison we have also computed al for Mg,,Cd25 and, 
taking z = 7, our value of cy1 = -0.113 compares satisfactorily with the experimental 
value. 

The excess free energy of mixing for Cd-Bi, Cd-Mg and Cd-Ga is plotted in figure 
2. The computed values are in very good agreement with the experimental observations 
(Hultgren et a1 1973). GZ is positive for the segregating system Cd-Ga but is negative 
for the heterocoordinating systems Cd-Mg and Cd-Bi. The relative magnitudes of 
GE for the three systems should also be noted. The values of Scc(0), which are plotted 
in figure 3, depict the behaviour of the three systems more clearly than the other 
thermodynamic functions. This was expected because Scc(0) is obtained from the 
second derivative of GM with respect to C. Thus S,,(O) is very sensitive to GM-C 
variation. S,,(O) values for Cd-Ga are much larger than the values for Cd-Bi and Cd- 
Mg. In the dilute region, the curvature of the S,,(O)-Ccurve for Cd-Ga is also different 
from those for Cd-Bi and Cd-Mg. 

S,,(O) can also be obtained directly from the measured activity data (Hultgren et a1 
1973), i.e. 

where u A  and aB  are the thermodynamic activities of components A and B in the mixture. 
Scc (0)  = C B ~ A ( ~ ~ A / ~ C A ) T . ' P , N  = c A a , ( a a B / a C B ) ? . $ , ,  (14) 
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Figure 2. Excess free energy of mixing of Cd-Ga, 
Cd-Bi and Cd-Mg liquid alloys: ----, theory, 
Cd-Ga; 0, experiment, Cd-Ga at 700 K; . . . ., 
theory, Cd-Bi; A, experiment, Cd-Bi at 
773 K; -, theory, Cd-Mg; X ,  experiment, 
Cd-Mg at 923 K. 
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Figure 3. S,,(O) as a function of concentration: 
---- , theory, Cd-Ga; 0, from activity, Cd-Ga; 
. . . . .  , theory Cd-Bi; A, from activity, Cd- 
Bi; -, theory, Cd-Mg; X ,  from activity, 
Cd-Mg; -.-.-, corresponds to SFc(0). 

With a view to minimizing the uncertainty in the numerical differentiation, we have 
fitted the observed (Hultgren et a1 1973) activity to a seventh-order polynomial in C and 
then we have computed Scc(0) following the last two equalities of equation (14). These 
are also shown in figure 3. The two values computed from the theoretical expression 
(10) and those from the measured activity are in good agreement. These values of Scc(0) 
can also be utilized in equation (11) to assess the relative stabilities of the Cd-based 
liquid alloys. The present study indicates that the stability is maximum in Cd-Mg 
followed by Cd-Bi and Cd-Ga. 
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